ON STABLY FREE MODULES OVER LAURENT POLYNOMIAL 

RINGS 
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Abstract. We prove constructively that for any finite-dimensional commu- 
tative ring R and n > dim(ij) -|- 2, tfie group En{R[X, X~-'-]) acts transitively 
on \Jnin{R[X, X~^]). In particular, we obtain tfiat for any finite-dimensional 
ring R, every finitely generated stably free module over R[X, X^^] of rank 
> dimJJ is free, i.e., RIX, X~^] is (dim i?)-Hermite. 



1. Introduction 

We denote by i? a commutative ring with unity and N the set of non-negative 
integers. Um„(i?) is the set of unimodular rows of length n over R, that is ah 

(xq, . . . , Xn-i) & R"' such that xqR-\ \-Xn-iR — R- If M, u S Um„(i?) and G is a 

subgroup of GL„(i?), we write u v if there exists 5 in G such that v — ug. Recah 
that E„(i?) denotes the subgroup of GL„(i?), generated by aU Ey(a) := /„ + aeij 
(where i ^ j , a G R and Cij denotes the n x n- matrix whose only non-zero entry 
is 1 on the th place). We abbreviate the notation u ~E„(fl) w to u ~e v. We 

say that a ring R is Hermite (resp. d-Hermite ) if any finitely generated stably free 
i?-module ( resp., any finitely generated stably free i?- module of rank > d ) is free. 

In |6j, A.A.Suslin proved: 

Theorem 1.1. (A.A.Suslin) 

If R is a Noetherian ring and 

A = R[Xf^, . . . , X^^,Xk+i, . . . , Xn]- 
Then for n > max (3, dim (i?) + 2) the group E„(^) acts transitively on Um„(^). 

In particular, we obtain that E„(i?[A, A^^]) acts transitively on Um„(i?[A, A~^]) 
for any Noetherian ring R, where n > max (3, dim(i?) + 2). In [7], I.Yengui proved: 

Theorem 1.2. (I.Yengui) 

Let R be a ring of dimension d, n > d -\- 1, and let f G Um„-(_i(i?[A]). Then there 
exists E G E„+i(i?[A]) such that f ■ E — ei. 

In this article we generalize by proving: 

Theorem 1.3. For any finite- dimensional ring R, E„(i?[A, A"-'^]) acts transitively 
on Um„(i?[A, A-i]), where n > dim(i?) + 2. 

This gives a positive answer to Yengui's question (Question 9 of [7])- The proof 
we give is a close adaptation of Yengui's proof to the Laurent case. 
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2. Preliminary results on unimodular rows 

A.A.Suslin proved in [6^, that if / = (/o,...,/n) G Uni„+i(_R[X]), where /i 
is unitary and n > 1, then there exists w £ SL2(i?[A]) • E„+i(i?[X]) such that 
f ■ w = ei. In fact, this theorem is a crucial point in his proof of Serre's conjecture. 
R.A.Rao generahzcd in [i4j, Corohary 2.5] by proving: 

Theorem 2.1. (R.A.Rao, 

Let f = (/o, . . . , /„) e Um„+i(_R[A']), where n > 2. If some fi is unitary, then f 
is completable to a matrix in E„(i?[A]). 

Recah that the boundary ideal of an element a of a ring R is the ideal 2{a) of 
R generated by a and all y G i? such that ay is nilpotent. Moreover, dimi? < d -i^ 
dim(i?/X(a)) <d-l for all a e R 0. 

Theorem 2.2. [ 2 , Theorem 2.4] 

Let R be a ring of dimension < d and a = (oq, . . . ,a„) £ Um„_|_i(_R) where n > d+1, 
then there exist hi, ... ,bn & R such that 

(fli + bioo, . . . , a„ + 6„ao) = R 

In fact, we can obtain a stronger result if / £ Um„+i(i?5), where 5 is a multi- 
plicative subset of R: 

Proposition 2.3. Let S be a multiplicative subset of R such that S^^R has dimen- 
sion d. Let (ao, . . . , a„) £ M„+i(i?) be a row such that (^, . . . , ^) £ Um„+i {S^^R), 
where n > d. Then there exist 6i, . . . , 6„ £ i? and s £ S* such that 

s £ (fli + biao)R + ■ • ■ + (a„ + 5„ao)i?. 

Proof. By induction on d, if d = then Rs/I{^) = (R/J)^ is trivial, where 
S = {s + J\seS}, J = i^^{l{^)), and i : R Rs is the natural homo- 
morphism. So 1 £ ^) in where bn ^ R and is nilpotent. Since 

1 £ . . . , i^, SO by [i. Lemma 2.3], 1 £ (iii, . . . , ii..±^), 

i.e., there exist s £ 5' such that s £ oii? + • • • + a„_ii? + (a„ + 6„ao)i?. 

Assume now d > 0. By the induction assumption with respect to the ring 
Rs/I{^) — {R/ J)-g we can find &i, . . . , bn-i £ R/ J such that 

fli+foiao a„_i -I- 6„_iao, , , 

\ Y : • • ■ : Y ) = \^/J)-S- 



( ai+biao ^ _ ^ ^ ^ a^^^i+K^.^ ^ ^^/^(f^)^ this mcaus that 
ai+biOQ a„_i+6„_iao a„ &- 



\ 1 1 ' 1 ' 1 

where ^^^^ is nilpotent. So by [[5], Lemma 2.3] 



\ ^ ' ^ 1 ^ / - -Ks- 



□ 



Let / £ Um„+i(_R[X]), where n > f + 1, with R a local ring of dimension d. 
M.Roitman's argument in [[Sj, Theorem 5], shows how one could decrease the degree 
of all but one (special) co-ordinate of /. In the absence of a monic polynomial as 
a co-ordinate of / he uses a Euclid's algorithm and this is achieved via. 
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Lemma 2.4. (M.Roitman, [ 5 , Lemma 1]) 

Let {xo, • • • , Xn) G Um„+i(i?), n > 2, and let t be an element of R which is invertible 
mod(i?a;o + ■ ■ • + Rxn-2)- Then 

(xo, . . . , Xn) ^E,.+i(_R) (a^O, • ■ • , t^X„) ~E„ + i(fl) 

[xq , . . . , tXn — 1 ) tXn ) ■ 

3. The main results 

Definitions 3.1. Let / G R[X, X~^] be a nonzero Laurent polynomial. We denote 
deg(/) = lideg(/) — ldeg(/), where lideg(/) and ldeg(/) denote respectively the 
highest and the lowest degree of /. 

Let hc(/) and lc(/) denote respectively the coefhcients of the highest and the 
lowest degree term of /. An element / € R[X,X'^] is called a doubly unitary if 

hc(/),lc(/) ec/(i?). 

For example, deg{X~^ + X'^) = 5. 

Lemma 3.2. Let fi, ...,/„£ R[X,X^^] such thathdeg{fi) < k-l, \deg{fi) > -to 
for all 1 < i < n. Let f e R[X,X~^] with hdeg(/) = k, ldeg(/) > —m, where 
k,m €N. Assume that hc(/) G U{R) and the coefficients o//i, . . . , /„ generate the 
ideal (1) of R, then / = (/i, . . . , /„, /) contains a polynomial h ofhdeg{h) = k — 1, 
ldeg(/i) > -TO and hc{h) G U{R). 

Proof Since . . . ,X"7„,X"/ e R[X], by [[T, §4, Lemma 1(b)], / contains 

a polynomial hi E R[X] of degree m + A: — 1 which is unitary. So h = X~"^hi € / 
of hdeg(/i) = fc - 1, Idegih) > -m and hc{h) e U{R). □ 

Proposition 3.3. Let L < R[X,X^^] be an ideal, J < R, such that I contains a 
doubly unitary polynomial. Lf L + J[X, X^^] — R[X, X^^] then (L f] R) + J ~ R. 

Proof. Let us denote by hi a doubly unitary polynomial in /. Since I+J[X, X^^] = 
R[X,X^'^], there exist h2 € I and /13 G J[X,X^'^] such that /12 + = 1. Let 
g, = X-^'^'^sif'^^hi, for i = 1,2,3. Since X' e J2^,^i giR[X], for some I > 0, and 
gi=u mod where u G U{R), we obtain that (51,52,53) = (1) in By 

[||], Lemma 2], we obtain ((51,52) Ci R) + J = R. So {I n R) + J = R. □ 

Theorem 3.4. Let f — (/o, . . . ,/„) G Um„+i(i?[X, X^^]), where n >2. Assume 
that fo is a doubly unitary polynomial, then 

f ^E„+i{R[X,X-^]) (I7 0, . . . , 0). 
Proof By (El, / (^^ "^"s^^^'/o, "^^s^^" Vi, /2, • ■ ■ , /„) -^e 

(j^-ldog(/o)j^^^-ldcg(/o)+2fe_^^^^2/cj^^ . = (50, . . . ,5n) whcK fc G N. For 

sufficiently big fc, we obtain that 50, . . . ,5n G Clearly, G Y!^"^q giR[X] for 

some I > 0. But go = u mod XR[X], where u G ;7(i?), then X'R{X] + goR[X] = 
R[X], so 5 G Vm„{R[X]). By ([231), 5 ei. □ 

Remark 3.5. Let a = (ai, . . . , a„) G Um„-(_i(i?), where n > 2. If 

a '^E„(_R/Nil(fl)) ei 

then a ~e„(_r) ei. 

Proposition 3.6. Lf R is a zero- dimensional ring and f — (/o, . . . , /„) 
G Um„+i (i?[X, X^^]), where n>l. Then 

f ei. 
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Proof. Wc prove by induction on deg fo + deg /i . We may assume that R is reduced 
ring. Let a = hc(/o) and b = lc(/o). Assume that ab e U{R), then by elementary 
transformations of the form 

/l - x''*°s(/i)-ldcg(/o)^-l lc(/i)/o 

we obtain that / ~e (/o, /Ji, /2, • • • , /n), where ldeg(/ii) > ldeg(/o). By elementary 
transformations of the form 

_ J^hdeg(/i)-hdeg(/o)^-l hc(/i)/o 

we obtain that / -^e {.fo, ,9i, /2, ■ • • , fn), where ldcg(5i) > ldog(/o) and hdeg(gi) < 
hdeg(/o). So wc may assume that deg/o < deg/i and ab ^ U{R). Assume that 
a^U {R). We have Ra = Re for some idempotent e. Let c = hc(/i). Since e G i?a, 
we may assume that c ^ and that c e i?(l — e). Note that 

(1 - e)/ = (/o(l - e), . . . , - e)) e Um„+i(it!(l - e)[X, X-^]) and 
ef = (foe, . . . , /„e) e Um„+i(i?e[X, X-']). 

By the inductive assumption, there are matrices 

A G E„+i(i?(l - e)[X,X-i]), B e E„+i(i?e[X,X-i]) 
so that (1 - e)fA = (1 - e, 0, . . . , 0) and e/B = (e, 0, . . . , 0). Let 

k t 

A=l[Eij{hs), B=l[Eij{g,) 

s=l s=l 

where 

^ij{hs) = (1 - e)/„+i + /i^ey, EjjXfii^) = e/„+i + fif^ejj 
and i^je{l,...,n+l}, hs G R{l-e)[X,X-% Qs G Re[X,X-'^]. Let 

^' = JJUn+i + hseij), B' = ]J(/n+i +9seij). 

Clearly. (1 - e)A' = A, eB' = B and A',B' G E„+i(i?[X, X"!]). Let C = A'B', 
then C e En+iiR[X,X~^]) and 

(1 - e)C = (1 - e)A'il - e)B' = A{1 - e)/„+i = (1 - e)A' = A. 

Similarly, we have eC = B. Let fC = {go, . ■ ■ ,gn) =9- Thus 

5o(l — e) = 1 — e and gie = e. 

So 

/ ~E„+i(fl[X,X-i]) (50, • • • , Sn) ~E„+i(i{[X,X-i]) (90 + e, . . . , gn) = 

(1 + fifoe, ■■■,gn) ~E„+i(ii[x,x-i]) (1 + 506, -goe, ...,gn) ~E„+i(fl[x,x-i]) ei. 
Similarly, if 6 ^ U{R), then / ~e ei. □ 

Proposition 3.7. If R is a zero- dimensional ring, then 
SLn{R[X,X-^]) = E„(i?[X,X-i]) 

for all n > 2. 
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Proof. Clearly, En{R[X,X-^]) C SL„(i?[X, X-^]). Let M e SL„(i?[X, X-^]). By 
()3.6p . we can perform suitable elementary transformations to bring M to Mi with 
first row (1,0,. ..,0). Now a sequence of row transformations bring Mi to 

^ ( ; ) 

where Af G SL„_i(i?[X, X^^]). The proof now proceeds by induction on n. □ 

Lemma 3.8. Let (/o,...,/n) G Uni„+i(i?[X, X^^]), w/iere n > 2. Assume that 
hc(/o) is invertible modulo /q. T/ien 

/ ^E (/o,5i, ■■■,9n) 
where hdeg(g^) < hdeg(/o), ldeg(5r^) > ldeg(/o), for all\<i<n. 

Proof. By jM]), / -e {fo, X^^ fi, . . . , X^^ fn) for all A: G Z. So we may assume 
that ldeg(/i) > ldeg(/o). Let a = hc(/o). By we have 

/ ^E (/o,a^/i, • • ■,a^fn)- 
Using elementary transformations of the form 

aV. - aXi>'^°s(/.)-hdeg(/o) hc(/,)/o 

we lower the degrees of for all 1 < i < n, and obtain the required row. □ 

Lemma 3.9. Let R be a ring of dimension d > and 

(r, /!,...,/„) GUm„+i(i?[XX-i]) 

where r Cz R, n > d + 1. Assume that for every ring T of dimension < d and n > 
dim(T) + 1, the group En^i{T[X, X^^]) acts transitively on Um„+i(T[X, X^"'^]). 
Then f '^e(rix,x-^) ei- 

Proof. Since dim(i?/Z(r)) < dim(i?,) so over R/I{r), we can complete (/i, . . . , /„) 
to a matrix in En{R/2{r)[X, X^^]). If wc lift this matrix, we obtain that 

{rji, ■■■Jn) '-E„+i(fi[x,x-i]) 1 + rwi +hi,.. . ,™„ + /i„) --E„+i(fi[x,x-i]) 

(r, l + /ii,...,/i„) 

where hi, Wi G R[X, and rhi — for all 1 < « < n. Then 

/ ~E„+i(fl[jf,x-i]) - + hi), l + hi,...,hn) '-E„+i(i?,[x.x-i]) ei. 

□ 

Lemma 3.10. Let R be a ring of dimension d > and 

/- (/o,. -.,/«) eUm„+i(i?[X,X-i]) 

such that n > d + 1, fo — ag and a* = hc(/o), where a G i? \ U{R), 7^ < G N. 
Assume that for every ring T of dimension < d and n > dim(T) + 1, the group 
E„-|_i(r[X, X"-'-]) acts transitively on\Jmn^i{T[X, X^^]). T/ien / ^i- 

Proof. We prove by induction on the number M of non-zero coefhcients of the 
polynomial fo, that / ~e ei. If M = 1, so fo = rX™ where r ^ R,m ^ By 
(EH), / -E (r,X-'"/i,/2, . . .,/„)• So by dSSl), we obtain that / -e ei. Assume 
now that M > 1. Let S be the multiplicative subset of R generated by a,b, where 
b = lc{g), i.e., S — {a'^^b'^^ \ ki,k2 G N}. By the inductive step, with respect to 
the ring R/abR, we obtain from / a row = {1,0, ... ,0) mod abR[X,X^^], also 
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we can perform such transformation so that at every stage the row contains a 
doubly unitary polynomial in Rs[X, X^^], indeed, if we have to perform, e.g., the 
elementary transformation 

(50, ■■■,gn) ^ {90,91 + hgo, ...,gn) 

and gi is a doubly unitary polynomial in Rs[X, X^^], then we replace this elemen- 
tary transformation by the two transformations: 

{9o,---,9n) {go + abX"'gi + abX''gi,gi,...,gn) ^■ 
(.go + abX'^gi + abX''gi,gi + h{go + abX'"gi + abX'''gi), ...,gn) 

where m > hdeg(go), k < ldeg{go). So we may assume that 

(/o, ...,/„) = (1, 0, ... , 0) mod abR[X, X''] 

and /o is a doubly unitary polynomial in Rs[X, X~^]. By p.8|) . we may assume 
that hdeg(/,) < hdeg(/o), ldeg(/,) > ldeg(/o). 

We prove that / can be transformed by elementary transformation into a row 
with one constant entry. We use an argument similar to that in the proof of [[5], 
Theorem 5]. 

Assume that the number of the coefficients of /2, • • • , /n is > 2(n — 1). Since 
d > 0, we obtain that 2{n — 1) > d + 1. Let ai,...,at be the coefficients of 
/2,...,/„ and J = 2±Rg + ... + s±Rg, Let / = Rs[X, X-^]fo + Rs[X, X~^]h. 
Since / + J[X,X-^] = Rs[X,X-'^] and /o is a doubly unitary in Rs[X,X-^], by 
(13:3)1 . we obtain that {I (1 Rs) + J = Rs- So (MoifiZii) + iiiiL + ... + ii.£t^i 
, where Hq, hi G R[X,X^^] and r.i £ R, s,Si E S for all 1 < i < t. This means that 
(^Ioho±£ihi^2±^,_,^S±) e Vmt+iiRs). By there exist s e and 61, . . . , 5t S R, 
such that 

s G (ai + biifoho + fihi))R + ■ ■ ■ + {at + fot(/o/io + fihi))R. 

Using elementary transformations, we may assume that J ~ Rs- By (|3.2p . the ideal 
{foi /2, • • • , fn) contains a polynomial h such that a^^b'^^ = hc(/i) and hdeg(/i) = 
hdeg(/o) - l,ldeg(/i) > ldeg(/o) where kiM G N. Let r = hc(/i), So 

/ C/o, a^^^b^^-hJ2, ...,/„) ^E (/o, a2fci62fe. + _ a''^b''-r)h, h, . . . , /„). 

Then we may assume that a^^b^"^ — hc(/i). By the proof of Lemma p.Sp . we can 
decrease the hdeg(/i) for all 2 < i < n. 

Repeating the argument above, we obtain that 

/-E (rX'",5i,...,g„) ~E (r,5iX-'",52,---,5n) 
where r G i?, to G Z, 51, . . . , g„ G R[X,X-^]. By f -e ei. □ 

Lemma 3.11. Let R be a ring of dimension d > and 

/ = (/o,...,/«) eUm„+i(i?[X,X-i]) 

such that n > d + 1, fo — eg and c* = lc(/o); where c E R \ U{R), 7^ t G N. 
Assume that for every ring T of dimension < d and n > dini(T) + 1, the group 
E„_|_i(T[X, X^-'-]) acts transitively on Um„+i(T[X, X^-'-]). Then f ^E(fl[x.x-i]) ei. 

Proof. By making the change of variable: X ^ X^^ and Proposition (I3.10p . we 
obtain that / ^e{r[x,x-^]) ei- □ 
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Theorem 3.12. Let R be a ring of dimension d and n > d+1, thenTijn+i{R[X, X ^]) 
acts transitively on Vmn+iiRlX, X^^]). 

Proof. Let / = (/o, . . . , /«) G Um„+i(i?[X, X~^). We prove the theorem by induc- 
tion on d, we may assume that R is reduced ring. If o? = 0, by (|3.6p . we are done. 
Assume that the theorem is true for the dimensions 0, 1, ... ,d — 1, where d > 0. 
We prove by induction on the number N of nonzero coefficients of the polynomials 
/o,...,/„, that / ei if dimi? ~ d. Starting with N = 1. Let > 1. Let 
a — hc(/o) and c — lc(/o), if ac £ U{R) then by (|3.4p . we are done. Otherwise, 
assume that a ^ U{R), by the inductive step, with respect to the ring R/aR, we 
obtain from / a row = (1, 0, . . . , 0) mod aR[X, X~^] using elementary transforma- 
tions. We can perform such transformations so that at every stage the row contains 
a polynomial g e R[X, X^^] such that hc{g) — a*, where t e N. Indeed, if we have 
to perform, e.g., the elementary transformation 

(50, ■ • ■ ^ (50,51 + ^50, ■ • ■ ,5n) 

and hc(gi) G U{Ra), then we replace this elementary transformation by the two 
transformations: 

{go, . . .,gn) (5o + aA"gi,5i, . . . ,5„) {go-VaX"^gi,gi + h{go + aX'^gi), . . . ,g„) 

where m > hdeg(5o)- 

So we have /o — ag, and a* — hc(/o), where 7^ t G N. By p.lOp . / ei. 
Similarly, if c ^ U{R), by (|3.11[) we obtain that / ^e ei. □ 

Corollary 3.13. For any ring R with Krull dimension < d, all finitely generated 
stably free modules over R[X, X~^] of rank > d are free. 

The following conjecture is the analogue of Conjecture 8 of in the Laurent 
case: 

Conjecture 3.14. For any ring R with Krull dimension < d, all finitely generated 
stably free modules over R[Xf'^ , . . . , X^^ , Afe+i, . . . , Xn\ of rank > d are free. 

Acknowledgments. I would like to thank Professor Moshe Roitman, my M.Sc. 
thesis advisor, for his interest in this project. 
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